All across the world, living standards vary significantly. The Solow growth model, developed by Nobel Prize winning economist Robert Solow in 1956, is still one of the most commonly used models in economics to explain economic growth. This paper will outline the Solow growth model, and its assertion that increases in total factor productivity (TFP) can lead to limitless increases in the standard of living in a country. Much of the mathematical notation and explanation has been derived from Stephen Williamson of Washington University. Additionally, it will provide empirical examples illustrating the model's ability to match real-world data.
PROBLEM STATEMENT
What causes an increase in the living standards of a country? MOTIVATION Some have defined economics as "the study of the choices people make with the limited resources they have." With this in mind, one of the central focuses of economics is economic growth. How is it that some countries utilize their scarce resources and continue to improve the standard of living for their people and others do not? Answering these questions has motivated a great amount of economic study by Robert Solow and others in the field. Through his research, Solow was able to develop a model that consistently matches empirical data as to what causes the standard of living in a country to grow, or decline, over time. The objective of this project is to illustrate his model, and provide empirical examples supporting its relevance.
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
As we develop the environment for the economic model, we will have to make assumptions regarding how the environment will behave. As Solow himself said, "all theory depends on assumptions which are not quite true. That is what makes it theory (Solow 65) . This dynamic economic model covers many periods of time; but, "we will analyze the economy in terms of the 'current' and 'future' periods" (Williamson 237 ). The Solow model begins by describing the consumers who live in our model environment, and the production technology used by the representative firm. Our analysis will be derived through the interaction between the 2 consumers, the representative firm, and the production technology present in our model environment. To make matters easier, our model will not possess a government sector or taxes.
In describing our consumers, there is a growing population of consumers, with denoting the population in the current period. Our model does not allow for any unemployment among consumers, so each consumer is part of the labor force employed by the representative firm. Our equation to illustrate population growth of consumers is:
with ′ being population in the future period and > −1. Here, is the rate of population growth; this variable is assumed to be constant over time. Allowing < 0 means there could be negative population growth in the future period. is population in the current period.
"In each period, a given consumer has one unit of time available, and we assume that consumers do not value leisure, so that they supply their one unit of time as labor in each period" (Williamson 237) . With the assumption of zero unemployment in this model, N also refers to number of workers in the labor force and n as the labor force growth rate. Using their time towards work allows the population to receive all current real output (Y ) of the representative firm as income. Y is created through wage income and dividend income from the representative firm. To simplify matters, we assume consumers use a constant fraction of their income in both periods, as seen in the consumption function:
The fraction of income saved is notated as s. Whatever income (Y ) consumers do not spend is saved for the future period, so Y = C + S, where S is aggregate savings. From equation (2), it is seen that sY = S.
Our representative firm produces output according to the following production function:
In the preceding function, current output (Y ) is the product of a function (F ) of capital (K ) and labor (N ), and total factor productivity (z). When capital is discussed in this model, it is in reference to any material goods utilized in production of a good or service, such as machines for sewing clothes, or facilities to house workers. Total factor productivity (z) captures how efficient a firm is at converting inputs (K, N) into real output (Y ). Therefore, increases in z allow the firm to utilize less of K and L in the production of each unit of output. In our production function, the assumption of constant returns to scale is made. This means that an additional unit of capital or labor will always provide the same additional amount of labor. For example, if 400 units of labor and 400 units of capital are utilized in the production of 200 t-shirts, then 500 units of labor and 500 units of capital will lead to the production of 250 t-shirts.
With this assumption of constant returns to scale, Equation (3) is divided by N on both sides to get
In equation (4), is output per worker, which has the same meaning as real income per capita (Williamson 238) . With being capital per worker, the assumption of constant returns creates a manipulated production function stating that output per worker only depends on the amount of 
"where y is output per worker, k is capital per worker, and f(k) is the per-worker production function , which is defined by ( ) ≡ ( , 1)" (Williamson 238 ). This per-worker production function is graphed in figure (1) . A key property of the per-worker production function is that its slope is the marginal product of capital (MP ), the amount of additional output created by the addition of one unit of capital. Because ( ) ≡ ( , 1), an additional unit of capital increases the per-worker production function by the MP . "As the slope of the per-worker production function is MP , and because MP is decreasing with , the per-worker production function in the figure is concave -that is, its slope decreases as increases" (Williamson 238).
The Solow model continues with the idea some of the firm's capital stock depreciates at a constant rate, , with 0 < < 1. With this principle, capital stock will change over time. Future period capital stock will follow the equation
where ′ is future period capital stock, is current period capital stock, and is investment. In terms of investment, it encompasses money saved by consumers ( ) that is invested back into the representative firm. This idea will be discussed further as competitive equilibrium is elaborated on.
In Economics, a competitive equilibrium occurs when the behavior of consumers and firms result in a market scenario where the output supplied by the firm equals the amount of product demanded by consumers. Thus, it is labeled as equilibrium because the market "clears" -consumers have maximized their scarce resources and firms have produced the maximum amount of output they can without any excess in the current market. With the behavior of consumers and the representative firm being described in the prior sections of this work, the focus turns to how these two sides reach a competitive equilibrium in the Solow model.
The Solow model possesses two markets, the labor market and capital market, which must clear in the current period. In the labor market, consumers trade their labor in exchange for current consumption goods (our model does not deal with currency, such as dollar bills). This equilibrium is explained geometrically in Figure ( 2). In the capital market, consumers trade current consumption goods for capital. "That is, capital is the asset in this model, and consumers save by accumulating it" (Williamson 239) . For the capital market to be in equilibrium, the amount of savings by consumers must equal the amount of investment, that is = . Therefore, capital market equilibrium is when aggregate consumption plus aggregate investment equals current output:
Equation (6) can be arranged to = ′ − (1 − ) . By using this and equation (2) to substitute for and in equation (7), it is found that Equation (8) can be written as:
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This states that future capital stock ( ) is equal to the aggregate savings in the current period, plus the capital stock from the current period -net of depreciation [(1 − ) ]. Now, by substituting for in equation (9) with the production function from equation (3), the function
is derived. This equation "states that the stock of capital in the future period is equal to the quantity of savings in the current period (identical to the quantity of investment) plus the quantity of capital that remains in the future after depreciation" (Williamson 240 ).
To state equation (10) in per-worker terms, both sides are divided by the number of workers, , to get
After multiplying the left-hand side of equation (11) 
For simplicity, Equation 12 can be rewritten as
In ( 
Equation (14) Equation (14) is graphed for geometric interpretation in Figure ( 3). As in Figure ( 2), the curve in Figure ( 3) has a decreasing slope due to the decreasing marginal product of capital (MPk). The 45° line pictured is the line along which ′ = . The "steady state" of the economy is indicated by the intersection of the 45° line and the curve. In economics, a steady state is when the economy is in a long-run equilibrium. In the long-run equilibrium, the economy is operating at its maximum attainable capacity, given current knowledge and technology. Figure (3) illustrates that "once the economy reaches the steady state, where current capital per worker = * , then future capital per worker ′ = * , and the economy has * units of capital forever after" (Williamson 241) . Again, the significance is an attainable unit of long-run equilibrium. So, if our model economy were to be played out in real life, the economy would never produce less in the long-run than the steady state. Only catastrophic events, such as a natural disaster, civil war (i.e. the current Syria conflict) could lead to a decrease in the steady state value. Geometrically speaking, from Figure ( 3) it is illustrated that if the current period capital per worker, , is less than the steady state value ( < * ), then future period capital stock will increase ( ′ > ) so the steady state is maintained. 
DISCUSSION
With the necessary pieces of the model elaborated upon and developed, we now analyze how the steady state is affected by changes in the savings rate ( ), population growth rate ( ), and total factor productivity ( ). In order to do this, we start with the steady state equation, equation (14). Since ′ = = * in the steady state, it follows that
To see how changes in , , and affect the steady state quantity of * , equation (15) is totally differentiated: While steady state capital per worker ( * ) and, consequently, income per worker ( * ) is increased with increases in the savings rate ( ) and total factor productivity ( ), only total factor productivity can lead to limitless rises in both (Solow 85) . It is easily understood that there is no plausible way for a nation to continuously increase its savings rate (people must consume in the current period); so, Solow concludes that increases in standard of living can only occur continuously through increases in total factor productivity. This assertion is illustrated in Figure   ( 4).
As mentioned earlier, total factor productivity discusses how efficient firms are at converting inputs used into output that can be sold for revenue. There is much empirical evidence to support Solow's assertion that continuous increase in total factor productivity continuously increases the standard of living of people over time. From 1990 From -2008 , China led the world in average annual total factor productivity growth at an average annual rate of 4% (The Economist). Over the same time, China saw, and continues to see, an increase in GDP per capita. This empirical evidence, and another example of the significant correlation between GDP per capita and total factor productivity, is provided in Figure (6) . One of the worst recessions in recent history is that of Greece. In Figure   ( 7), a strong correlation is seen again between GDP per capita and total factor productivity.
These graphs provide empirical evidence to Solow's assertion that a country's efficiency in converting inputs to output affects the standard of living its people experience. 
